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bWq^_a`sotY~|lkt_#q~|mutzp#z®``Ymusoz_"~|Ap^`mot)¢~CA`)^soz `Y_aktwk+`soj[~|`p^At p^W®¯suzA_ lt ¾E`Ysu`YpAm
EztpSmok,z®(Mt`¢^zp`µqXkq~ j^`Y~|'¢,t³mo[
A»^soz^`_"kY«lt pMAzStp^"zA_a^ `A`z_a`musot `Fk­ ©p±~^^t³¨
mot zAp%«Ymu[^`£mut_a`~pku~`£ko~|`Yk~p`l[^t^t m(zl~|t#"`YC~sutw~/mot zApk'^q^`ymozWmo[^`)[^`mu`YsuzA`p`t mnjez®^mu[^`
suzA~|S~/mutzp#_9`Fltw~^­|Z\[^`Ysu`®¯zso`)mo[^`,ltkoso`mot "F~/mot zAp#z|®Emu[`qpl`sojStp^4_"~/mo[^`_"~/motY~|M_azll`^z® mu`Yp
so`Ykuq^ moktpa`Ysuj~suA`\~ A`^s~|twkjlkmu`_"kz®¥`YvSq~/mot zApkY­|»W`Fk^t mu`e~4 zm)z|®K`¾Kzsumoktpamu[`~Aknmmn¢`pSmnj
jA`Y~sokY«Mzp^`twk,knmot zpl®¯sozpSmo`Y¢,t³mo[mo[^`p^`Y`Ymuz¦^``Y zA*ÀX`lt  `A«~Yq^s~/mo`µ~p`¬¦t`pSmpMq^_a`¨
sotw~|(_a`mo[^zl^k®¯zAsµkuzMt p~¦¢,twl`9so~p^`#z|®)`Y `Fªmusoz_"~p^`mutw¢~CA`^soz^`_"kµzAsuso`YkuXzApltp^amuz
tplqXknmosutw~|°«^_at t mo~|soj
~|p
kuzMt `mo~~|^ tw~|mutzpkY­Z\t_a`#lz_"~t p
``Ymusoz_"~|Ap^`mot4¢\~C`4^soz `Y_ak
~su`_azll`Y `F
Sjmu[`#kz¨ Y~| `Fmut_9`9lz_"~t p±d²~|M¢`%`FvAqX~/mutzpXk,mu[X~/me~su`qkuq~ j¢,sot mmu`Yp²~k~
¶XsokmezAsol`Yse[MjME`soXzA tw#kujlknmo`_ z|®)X~|sumutw~|+lt³¾K`so`pSmot~`FvAqX~/mutzpXk­&^zAsWmo[^`pMq^_a`Ysutw~'mosu`F~/mu_a`YpAm
z®£mo[^`Yku`¦`FvAqX~/mutzpXk«%zAp^`¦~p¹zpXktwl`slt³¾K`so`pSm~Akuku`Yk4z®pMq^_a`Ysutw~y_a`mu[zMk«(kq[¹~Ak4¶p^t mu`
^t³¾K`so`p`W_a`mo[^zl^kY«A¶Xp^t³mo`W`Y `Y_9`YpSmzAsy¶p^t mu`µzA q_9`e_a`mu[zMk­MZ\[^`e¶sokm£_a`mu[^zl*^``Y zAX`F9®¯zs
mo[^`Yku`µ`YvSq~/mot zApk¢~Ak\~ +»µZ,» Á (tp^t³mo`»Wt ¾E`Ysu`Yp`Z\t_a`4»ez_"~t pXÂ)_a`mo[^zl^q^`Wmozy``¼F°­^Z\[^`
_"~t p®¯`Y~|muq^so`YkW~|p
~^C~pSmo~|A`Ykz|®+mo[^tk_9`mu[^zl±~su`4t mokWkut_9 twt mnjVÁ?~|p
`l^tt³me_9`mu[^zl±l`¶p^`F
zAp7~smo`Ykut~p¹sotkoÂ~pImo[^``Yp^`sojIzApku`soC~|mutzpI^sozE`sumnj«+~|pt_aXzAsm~|pSmtp^Asu`Flt `YpSm#t p7mu[^`
pMq^_a`Ysutw~%kt_#q^w~/mot zApz®(qpknmo`Y~Alj*¢\~C`µ^soz~A~/mot zAp¦^soz^`_"kY­cp^®¯zsumuq^p~|mu`Y jA«^¢,[^`p±l`F~|t p
¢,t mu[·zA_9 `
A`zA_9`musot `Fk«mu[^` +»eZ,» _a`mo[^zl²twkµp^z*zp^A`sWmu[^`9X`Fknm[^zAt`#ktp`zl~|(so`¶pl¨
_a`YpAmkz®(mo[^`Asutw¥«~ E`t meEzAkokt^`t p
mo[^`®¯zAsu_kq^sotlt pamu`Y[p^tvSq^`Fk«X[~ke~|p±~^`sku`µ`¾E`Fªm
zAp·~Aq^so~Aj²~p·`¬¦t`pj­ ©pI~smotq^w~|sF«Ezl~ j²so`¶p^`F·sot^k4tplqX`"pMq^_a`sotY~|yltwkuX`Ysokut zAp
mo[~/m4_#qXknmE`9zsosu`Fªmu`F±Mj± zlY~|(mut_a`9kmu`Y^^tp^kmus~/mo`At `FkW¢,[^tw[¡twk4knmot y~|pVzE`pV^suzA^`_ tp
mo[^`
®¯s~|_a`¢zsoº¹z|®µmut_a`²lz_"~|tp¸pMq^_a`sotY~|,_a`mo[^zl^k"tp A`p^`Yso~,~|p mu[` (»µZ,» _a`mu[^zl¸tp
X~|sumutwq^w~|sF­Xd±zAsu`Yz/`YsY«kuq[V zl~so`¶Xp^_a`pSm4~kuz"moso~pkw~/mo`Yket p·~¦A`sojso`Ykmusotwªmut`mut_9`"kmu`Y¡tp
zAso^`sµmuz
^so`Yku`so`#mu[^`"kmo~|t t³mnj¡z|®)mo[^`"`l^twt m4`Y~l¨°®¯suzAko[^`_a`9qku`Y¡®¯zs4mut_a`"t pSmo`s~/mot zAp²t ®
mo[^`+»µZ,»_9`mu[^zlÃÁË^qlm9mu[^twktkz|®Wzq^sk`¦~kuz±mo[^`Y~ku`"®¯zs9z|mo[^`s`l^tt³mmut_9`t pSmo`s~/mot zAp
ko[^`Y_9`Fk,~|pltwkusu`mut#"Y~|mutzp*_a`mu[^zl^k~Ak\¢£`Y  Âª­
 p^`Y¢Ìw~kok£z|®'pMq^_a`sotw~|K_a`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Xzmu[mu[^`4q^pkmusoqmuql¨
so`Y
pX~/muqsu`z®mu[^`_a`Fk[¡~pmu[`[MjSE`soEztt³mnjz|®+mu[`#`YvSq~|mutzpkY­Z\[MqkY«tpku^t so`Y
Mjmu[^`t^`Y~k
^``Y zAX`F7tp¸z_a^q^mo~/mot zAp~|\ÀXq^t ljMp~_9twkY«/~|sot zAqka~|qlmo[^zsk9[~C`
^sozEzAku`Y¶p^t mu`±Azq^_a`
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Á µZ,»µÂ(_a`mo[^zl9tk+kmuqlt`Y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moq^p~|mu`j«Xq^M¢,t pXlt p¦so`Y~/mo`Yk,lt ¾Kqktzp²~p
~Yq^s~/mo`kzA qlmot zApk,~p^p^zmX`zAlmo~t p`Y¥«X`YkuX`Ftw~| j
tpI zAp^|¨°mut_a`"kt_#q^w~/mot zApkY­%cM¢,t pX¡¶Xp^t³mo`"zA q^_a`9®¯zso_#q~|mutzpkµ[~CA`a~kuzX`Y`p¹l`A`zE`Y¡®¯zs
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mut mut`
¢,t mu["y`Y`¤ kko[^`_a`Yk4tpImu`Ysu_"kz®\~Aq^so~Aj²zApIsu`Yq^w~|sµmu`mus~|[^`Fls~|_a`Yku[^`YkY­$#Wz/¢£`Y`sF«¥ktp`¦t³m
so`t`YkzAp²~¦`Y~l¨?®¯sozamot _a`t pSmu`Ys~/mot zAp²ku[^`Y_a`«t metwkµknmot (zpkmus~|tp^`F
Sj
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`FvSq~/mot zApkymo[~|p*mu[^`4`M twt mzAp^`Yk£¢,[^`Ypl`F~|t p#¢,t mu[ zl~ jasu`¶p^`F¦sotw^k $^soz_ mo[^`4knm~|^t t mnj
EztpSmz|®+Mt `Y¢Îmo[^`#~|pXk¢`s\twk,zMMt zAqkY­^b`A`sumu[^`Y `FkukY«lz|mo[^`sW^suzAX`Ysmot `Fk\z|®(mu[^`#su`Fkq^ mutp^ ©_a^tt³m
(tp^t mu` zq^_a`VZ\t_9`I»ez_"~|tp6ÁµZ,»µÂ_a`mo[^zlÃp^`Y`Y¸moz E`·~p~|j "`F¥«£kuq[Î~Ak*pMq^_a`sotw~|
^tkuX`Ysokutzp"~|p9tpM`skut ^tt³mnjz|®Kmu[^`W tp^`Y~s)kujMkmu`Y_
«|t p*zsl`s+moz_"~|º`~µ®Ë~t s£z_a~sutwkuzp9¢,t³mo["mu[^`
`l^ twt m eZ,»:_9`mu[^zl¥­ ©pVmo[^twk¢£zAsuºK«¥¢`"knmoqlj²mo[^`¦kut _a^`Ykm#k`FzAp¡zAso^`sko[^`_a`«}£s~|pºA¨
bWtzwkzAp%«^zAq^^`Y*muz9mu[``pSmo`so`Y*¶p^t mu`zA q_9`4_a`mo[^zl^suzAXzSk`F*tp"  ¨×°­
©pk`Fªmutzpl«M¢£`W¶sknm£®¯zso_#q^w~/mo`mu[`}£s~|p^ºS¨©btwzAkuzp"~Ak`F eZ,» _a`mo[^zl¦tp¦mu[`µzpSmu`Sm
z®¥mu[^`9¼Y» d²~|M¢``FvSq~/mot zApk­MZ\[^`Yp%«A¢`e~p~|j "`,mo[^`µ`p^`YsuAj9zpku`so/~/mutzpa^sozE`sumnj"~|p¦^suz/A`
mo[^`¦tpM`skut ^tt³mnj²z®£mo[^`¦t_a^ twt m#_"~/mosut ¥­  ·`*knmoqlj¡mu[^`*^tkuX`YsokutzpI^sozE`sumut`Yk4z|®mu[`eZ,»
_a`mu[^zla~|paz_a~|so`mu[^`Y_½¢,t mu[amo[^`,`l^twt m£ku[`_a`­|bWq^_a`sotY~|^so`Ykuq^ mok+®¯zAsq^p^t ®¯zso_½~|pXpzpl¨
qp^t³®¯zAsu_ Asutw^kWzp qXl`mo[^tkµku`Yªmot zAp%­ ©p¡k`Fªmot zAp²^«E¢£`#®¯zso_#q^w~/mo`mu[^` eZ,» _a`mo[^zl
®¯zsemu[^`
kuzqlmot zAp²z|®ymo[^`"» d²~|M¢`(`YvSq~/mot zApk4~|p²mu[^`YpVkmuq^j±mu[^`ako~|_a`#®¯`F~/moq^su`Fke~Akµt p¡mu[^`
¼Y» Y~ku`
mo[~/mtkY«%mo[^`*`Yp^`soj·zpXk`Ysu/~/mot zApVsuzAX`Ysmnj·~|p·mo[^`*tpM`skut ^tt³mnjVz|®\mu[^`*t _a^tm_"~/mosut ¥­Z\[^`
_a`mu[^zltk\/~ tw^~/mo`Yqkut pa~akut _a^`_azll`¥^soz `Y_ t p±A»#­
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Z\[^twkknmoqljatkzAp`Ysup`Y9¢,t³mo[¦mo[^`WpMq^_a`sotw~|EkzA q^mutzp"z|®¥mo[^`mot _a`µlz_"~|tp¦d²~|M¢`°¤ k)`YvSq~/¨
mot zApktpamu[^so``ku~A`lt_a`pkut zApkÁË[^`mo`soz`Yp^`zAqk( tp^`F~|sytwkzmusoz^tw_a`Yltq^_ ¢,t³mo["p^zkzAq^s`«/¢,t mu[
ku~A`9C~sujMtp^``YªmosutwX`Ysu_at mmutMt³mnjV~|pV_"~|p`mutwX`Ysu_a`Y~^t t mnj^ÂWqXktp^±~|pVt _a^tt³m¶Xp^t³mo`az|¨
q^_a`_a`mo[^zl
zpq^pkmusoqªmoq^su`Fmu`moso~[^`Y^so~¥_9`Fk[`YkY­Z\[^```Ymusote¶`Y
E = (Ex, Ey, Ez)
t ~|pXmo[^`_"~|Ap^`mote¶`Y
H = (Hx, Hy, Hz)
t A`sot³®¯j







ε(x)
E
∂t
−∇× H = 0
µ(x)
H
∂t
+ ∇× E = 0
Án¼FÂ
©pÏzAsol`Ysamuzl`Ysut`²~¸¼F» `Ysokutzp z|®µmu[^`¡d¡~/l¢£`Y °¤ ka`YvSq~/mot zApk²Á¼FÂa¢`²zApktwl`Ysamu[~|m¦mu[^`
^t so`Ymutzpz|®EzX~|A~|mutzptk
k = (k, 0, 0)t
~p*mu[~|m,mu[^`4Ezw~|sot "F~/mutzpz|®(mu[^``Y `Fªmosutwe¶`w*A`Ymuzs
twkµkq[²mu[~|m
E = (0, 0, Ez)
t ­KZ\[`#Ezw~|sot "F~/mutzp±z®ymu[`_"~|Ap^`mot¶`w²A`Yªmozsetk4l`Flq`F
®¯soz_mo[^`4sozAkoky^sozllqªm
k×E
jMt `Yltp^
H = (0, Hy, 0)
t ­ld±zAsu`Yz/`YsY«|¢`e~Akukuq^_a`,mo[~/m Ez ~|p Hy ~|so`®¯qpªmot zApkWz®
x
~p
t
­&^zsµkt_a^tt³mnjA«X¢`kut _a^j
p^z|mo`
E
tpkmu`Y~A
z|®
Ez
~p
H
tpkmu`Y~A±z|®
Hy
­
Z\[`p%«lmo[^`"¼Y»d¡~/l¢£`Y ¥`FvSq~/mot zApk\~|p
E`¢,sut mmo`p
~k 





∂D
∂t
−
∂H
∂x
= 0
∂B
∂t
−
∂E
∂x
= 0
Á?Â
îîßOPQSRQ
  *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 ( 
©pÌ`YvE­µÁ°Â«
D
tk*mu[^`V``YmusotVltku^w~`_a`pSmY«
E
twk¦mo[^`·``Yªmosutw±¶X`w¥«
B
tk*mu[`¡_"~|Ap^`mot
tplqXªmutzp¸~|pX
H
twk9mu[^`
_"~|Ap^`mot¶`Y¥­£Z\[^`±~|Ez/`
vAqX~|pSmut mut`Yk"~su` tp^ºA`Y Sjmu[^`
®¯zA z/¢,t p
zpkmut muq^mut`4~C¢k 
{
D(x, t) = ε(x)E(x, t)
B(x, t) = µ(x)H(x, t)
ÁËAÂ
¢,[`so`
ε(x)
~p
µ(x)
so`YkuX`Fªmut`Y j²^`p^zmu`mu[^`"lt``YmusotX`Ysu_at mmot Mt mnj¡~|pV_"~|Ap^`motX`Ysu_a`F~/¨
t t³mnjz|®mo[^`_a`Y^t q^_mo[~/m4~|p±E`#`l^su`Fkuku`Ytp±mu`Ysu_"kWz|®+mu[^`Yt se/~|q^`YkWt p±mo[^`#/~Aq^q^_Á
εv
~|pX
µv
Â\~psu`Y~|mut`µp^zpl¨©lt_a`pkut zAp~|K/~|q^`FkÁ
εr(x)
~|pX
µr(x)
Â 
{
ε(x) = εvεr(x)
µ(x) = µvµr(x)
Á$DSÂ
 `Ykutwl`YkY«Mmu[^`suzA~|S~/mutzpkE``F*twk,At A`p*Mj 
c(x) =
1
√
ε(x)µ(x)
)vE­'Á°Â\Y~|pX`¢,sot³mumu`Yp
~Ak 





ε(x)
∂E
∂t
−
∂H
∂x
= 0
µ(x)
∂H
∂t
−
∂E
∂x
= 0
Á?Â
zAsY«ltp`YmuzAsutw~|°«lvAqX~kut³¨©zApk`Ysu/~|mut`«A®¯zso_:~Ak 
B
∂W
∂t
+
∂F (W )
∂x
= 0
®¯zAs
x ∈]a, b[
~|p
t > 0
ÁËSÂ
¢,[`so`
W =
(
E
H
)
, B ≡ B(x) =
(
ε(x) 0
0 µ(x)
) ~p
F (W ) = AW
¢,t mu[
A =
(
0 −1
−1 0
)
y~sutzqk£Ezq^p~|sojazp^t³mot zApk\~|pX`µt_9EzAku`Y~/mmu[^`µEzq^p~|sot `Fk
x = a
~|p
x = b
­+©pmu[^twk
¢zsoº"¢`µ¢,t'knmoqlj*mu[^`4®¯zA z/¢,t p9z_#t p~|mutzpk 

_a`mo~ twEzq^p~|sojzAplt mutzpkWXzmu[²~|m
x = a
~|pX
x = b

E(a) = E(b) = 0
«t°­ `mu[^`¼Y»
`Ysokut zApaz|®Emu[^`µzpXlt³mot zAp
n×E = 0
¢,[^tw["tkqXk`Fat pamo[^`eA»Ã~Ak`Á
n
l`Yp^z|mo`Yk+mo[^`q^pt³m~|soj
zqlmn¢\~|s^kp^zAsu_"~| Âª«

X`Ysutzlltw4XzAq^p^~suj¦zplt mutzpXk\t?­ `
E(a) = E(b)
~|pX
H(a) = H(b)
«

~|p¦~kzAsut p^Ezqp^~|sojzp^t³mot zAp¦~/m
x = a
~p"~_a`m~| tw,Ezq^p~|sojzAplt mutzp¦~|m
x = bÁ¯t°­ `
E(b) = 0
Â­ ^zs4¢,[~|mzpX`sop²mo[^`a~|kuzso^tp^*Ezq^pX^~|soj²zAplt mutzp%«¥¢`_"~º`9qk`9z|®
mu[^`zpM`YpSmutzpk\~^zlmo`Y^su`YMt zAqkj"t°­ ` 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k =


k
0
0

 , E =


0
0
E


~|p
H =


0
H
0


Z\[^`so`®¯zAsu`A«t³®~V¶sknmu¨°zAso^`s¦hMt A`su¨ d  `samnjME`²~|kuzso^tp^·zp^t³mot zAp twk"t_aXzSk`F ~|m"mu[^`
XzAq^p^~suj
x = a

(n× E + cµn× (n × H)) (a) = 0
mu[^`Yp%«kut pX`
n(a) = (−1, 0, 0)t
«l¢£`zAlmo~t p
(n× E + cµn × (n × H)) (a) =


0
E(a)
0

+ c(a)µ(a)


0
−H(a)
0


~|pmo[SqXk«l¢`_#qkm,t _aEzAku`
(E − cµH) (a) = 0
­
         	 
  	  
Z\[^`µlz_"~t p
]a, b[
twk£^tkoso`mot "Y`Y9qkut p^
N
`wk
Cj
kuq[amu[~|m
Cj =]xj− 1
2
, xj+ 1
2
[
¢,t³mo[
∆xj =
xj+ 1
2
− xj− 1
2
l`p^zmutp^²mo[^`*Azq^_a`*z®
Cj
®¯zs
1 ≤ j ≤ N
­(bWz|mo`¦mu[X~/m"~¡`Y \`YpSmu`so`Y·¶Xp^t³mo`
Azq^_a`ltwkoso`mut#"Y~|mutzp²twkµ~lzAlmu`F7ÁËku``¶X­¼CÂª­'¿ep¡`F~[¡`
Cj
«K¢`l`¶p^`mu[^`a_a`Y~p²/~|q^`z®
W
l`pz|mu`FSj
Wj
¢,t³mo["
Wj =
1
∆xj
∫
Cj
W (x, t)dx
~pV¢£`al`pz|mu`aMj
Wj± 1
2
(t)
mu[`a~^^sozClt _"~/mo`#/~|q^`az|®
W
~|mµmo[^`at pSmo`su®Ë~`FkµX`mn¢£`Y`p
Cj
~|pX
Cj±1
mu[~|mtk 
Wj± 1
2
(t) ≈ W (xj ±
1
2
, t)
jj−1 j+1 N N+1N−1
N−1/2 N+1/2
0 1 2
1/2 3/2 j−1/2 j+1/2
a b
C j
'¼

}£`Y %`pSmu`Ysu`Fltwkoso`mut#"Y~|mutzpz|®mu[^`"¼F» zA_9qlmo~|mutzp~%lz_"~|tp
îîßOPQSRQ
  *  S 	  G ( 
d±q³mot ^jMt p²ÁËAÂMj*~mo`Ykm,®¯q^pªmot zAp
Ψ(x)
~pt pSmu`Ys~/mot p^9z/`Ys
Ω = [a, b]
jMt`w 
∫
Ω
(
B
∂W
∂t
+
∂F (W )
∂x
)
Ψdx = 0
Á |Â
 ®
Ψ(x)
twk([zSzSk`YpmuzµE`£mo[^`,[~|s~mu`Ysutwknmot®¯q^pªmot zAp9~Akukuzltw~/mo`Y4mozWmo[^``
Cj
Á¯t°­ `­
Ψ(x) = 1t ®
x ∈ Cj
~|p9`wk`Y¢,[^`so`FÂ)mo[^`p¹Á°ÂX`FzA_9`Fk 
Bj
dWj
dt
+ Φj,j−1 + Φj,j+1 = 0
Á?AÂ
¢,t mu["
Bj =
(
εj 0
0 µj
)
¢,[`so`
µj
~p
εj
^`p^zmu`µC~ q`Ykz|®%mo[^`4zM`¬¦t`pSmk
µ
~|p
ε
mo[~/m~su`µzpXknm~|pSm£z/A`s£mu[^`4`Y 
Cj
­
©p·`YvE­ÁËSÂª«
Φj,k
¢,t mu[
k = {j − 1, j + 1}
l`Yp^z|mo`Yk4~|p·~|^suzClt_a~|mutzp²z®ymu[`ÀXql¡E`mn¢``pVmu[`
`k
Cj
~p
Ck
t pImo[^`*ltso`Yªmot zAp¹z|®\mu[`¦p^zso_"~|yzAsut`pSmo`YV®¯suzA_
Cj
muz
Ck
­ ©pImu[tkknmoqlj«¢£`
~Alz^mW~¦`YpAmo`so`Y
~|^suzClt_"~/mutzp®¯zsmu[^`Fk`ÀXqll`Yk\®¯zA z/¢,t pamu[^`#ko[^`Y_9`#^suzAXzSk`F*MjxytX`Ysup^z
    ë 
Φj,j±1 =
1
2
(Fj + Fj±1) =
1
2
(AWj + AWj±1) = ∓
1
2
(
Hj + Hj±1
Ej + Ej±1
) Á
CAÂ
~p¢£`µmu[Mqkzlm~|tp*mo[^`4®¯z z/¢,tp^"ku`_at³¨©ltwkusu`mut#"Y~|mutzp*tp
k~A` 







εj
∂Ej
∂t
−
Hj+1 − Hj−1
2∆xj
= 0,
µj
∂Hj
∂t
−
Ej+1 − Ej−1
2∆xj
= 0.
Á¼YAÂ
©p±zAsol`Ys\muz¦ltwkoso`mut#"`tp
mut_a`mu[`#kjlkmu`Y_«¢£`[~CA`~/mWzAq^sltwkEzAko~|'~p
`l^tt³me'`Y~l¨ suzA
ko[^`Y_9`4¢,[^tw[[~k,~ so`Y~Alj"X`Y`p±~|pX~|j+"Y`Yt p"ë! 









εj
E
n+ 1
2
j − E
n− 1
2
j
∆t
=
Hnj+1 − H
n
j−1
2∆xj
µj
Hn+1j − H
n
j
∆t
=
E
n+ 1
2
j+1 − E
n+ 1
2
j−1
2∆xj
Á¼¼FÂ
©p±mo[^`#p`Mmµku`Ymutzp±¢`¢,t +l`A`z²~|pX²knmoqlj
~|p²t_a^tt³memut_9`t pSmo`s~/mot zAp±ku[^`Y_a`~kWt³m
twk\¢`%ºMp^z/¢,p¦mo[~/mWkuq[
ku[^`Y_a`Yk\EzAku`Ykok`4E`mmo`sWkmo~^t t mnj¦^sozE`sumut`YkY­
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Z\[^`t_a^tt³m,mot _a`tpAmo`Aso~|mutzp*z®(`FvE­%ÁËAÂso`t`Yk\zp
~¦}£so~p^ºS¨ bWtzwkzApko[^`_a` 











εj
En+1j − E
n
j
∆t
=
1
2∆xj
[(
Hnj+1 + H
n+1
j+1
2
)
−
(
Hnj−1 + H
n+1
j−1
2
)]
µj
Hn+1j − H
n
j
∆t
=
1
2∆xj
[(
Enj+1 + E
n+1
j+1
2
)
−
(
Enj−1 + E
n+1
j−1
2
)]
Á¼FÂ
 ®+¢£`^`p^zmu`4Mj
σj =
4∆xj
∆t
mu[^`YpIÁ¼F|Â\Y~|p
E`¢,sut mmo`p
~k 



σjεjE
n+1
j − H
n+1
j+1 + H
n+1
j−1 = σjεjE
n
j + H
n
j+1 − H
n
j−1
σjµjH
n+1
j − E
n+1
j+1 + E
n+1
j−1 = σjµjH
n
j + E
n
j+1 − E
n
j−1
Á¼YAÂ
 _"~|musot³¦®¯zAsu_:z|®Á¼YSÂtk\At A`pSj 
−AW n+1j−1 + σjBjW
n+1
j + AW
n+1
j+1 = AW
n
j−1 + σjBjW
n
j − AW
n
j+1
®¯zs
j = 1, · · · , N
Án¼+DSÂ
 ®
Wn = (W n1 · · ·W
n
j · · ·W
n
N )
t mu[^`Yp¡~"A zA~|su`Y^su`Fk`YpSmo~/mot zApz®y`YvSq~|mutzpkÁn¼DSÂ,twkW¢,sot³mumu`Yp~Ak 
MWn+1 = PWn
Á¼FÂ
¢,[`so`
M
~|p
P
~su`4^zlºS¨?mosutwltw~|zAp~|X_"~/musotw`Yk,^`¶p^`FSj 



Mi,i = Pii = σiBi, i = 1..N,
Mi,i+1 = −Pi,i+1 = A, i = 1..N − 1,
Mi,i−1 = −Pi,i−1 = −A, i = 2..N.
Á¼YAÂ
< E
6 Å (SÇ ^Ê?Ê
:ËÉ  ÆE 9 / : (M
#W`so`«K¢£`a~kokuq^_a`mu[X~/mµmu[^`aEzq^p~|sot `Fk
x = a
~|p
x = b
~|so`#Ez|mo[·zpkut^`so`Y²~AkW_a`m~| tw
~p±mo[Mqk«¥~su`À`Ymutp^
zpXlt³mot zAp¡twkµt _aEzAku`Y¡muzmu[^`a``Ymusot¶`w Á
n × E = 0
tp¡mo[^`9A» ~Ak`
¢,[`so`
n
^`p^zmu`Ykmo[^`4q^p^t mo~suj¦zAqlmn¢\~|s^kp^zso_"~|K`FªmuzAsÂ)¢,[^t `4p^z"zplt mutzptwk\t _aEzAku`Yzpmu[^`
_"~p^`mutwµ¶`w¥­zs\mo[^`pMq^_a`sotY~|¥mosu`F~/mo_9`YpSmz|®(mu[^`Fk`#zp^t³mot zApk«¢£`_"~|ºA`qku`z|®[^zSknm`k
C0
~p
CN+1
­Z\[^`Yp%«lt pmo`so_ak\z®
E
~p
H
tpIÁ°Â«lmu[^`Fk`zp^t³mot zApkmus~|pkuw~/mu`Fkt pSmuz
 E0 = −E1
~p
EN+1 = −EN
_9`F~|p^tp^#mu[~|m)mu[`Àql"z®
E
~/m£mu[^`eXzAq^p^~sut`Yk
x = a
~|p
x = b
twk,k`m,muz"^­
 H0 = H1
~|p
HN+1 = HN
_a`Y~|pt p^
H0
~p
HN+1
~|so`#_at sosozsW/~ q^`FkWz®
H1
~p
HNsu`FkE`Ymut`Y jA­
bWz|mu`mu[X~/m9^q^`*moz²mo[^`l`¶p^t mutzp z|®W~¡zpSmusoz£zA q^_a`
Cj
«(t m9twk#pz|mp`Y`Fkuko~|sojVmuz¡t_aXzSk`
~·zAplt mutzp zp¹mo[^`Àqll`Yk
F 1
2
~p
FN+ 1
2
­+Z\[`p%«(mu[`Yku`
zp^t³mot zApk#_qkmaE`t p/{n`Fªmo`Y t p mu[^`
`l^su`FkukutzpVÁ¼YÂ­
îîßOPQSRQ
¼F  *  S 	  G ( 

}~ku`
j = 1



σ1ε1E
n+1
1 − H
n+1
2 + H
n+1
1 = σ1ε1E
n
1 + H
n
2 − H
n
1
σ1µ1H
n+1
1 − E
n+1
2 − E
n+1
1 = σ1µ1H
n
1 + E
n
2 + E
n
1

}~ku`
j = N



σNεNE
n+1
N − H
n+1
N + H
n+1
N−1 = σNεNE
n
N + H
n
N − H
n
N−1
σNµNH
n+1
N + E
n+1
N + E
n+1
N−1 = σNµNH
n
N − E
n
N − E
n
N−1Z\[MqkY«lmu[`4¶sokm~|pw~kmWlt~zAp~|
2× 2
^zlºlk£z®
M
~|p
P
_qkmX`_azllt ¶`Y
~k 
{
M11 = σ1B1 + C1
MNN = σNBN − CN
{
P11 = σ1B1 − C1
PNN = σNBN + CN
Á¼C|Â
¢,[`so`
C1 =
(
0 1
−1 0
) ~|p
CN =
(
0 1
−1 0
)
< E <   (+:ËÆ / :ËÉ  ÆE 9 / : (M
#W`so`«|¢`WzApkutl`Ys+mu[~|m)E`sot zlltw\XzAq^p^~sujzpXlt³mot zApky~su`~^^t `F9~|mymu[`,XzAq^p^~sut`Yk
x = a~p
x = b
­Z\[tkmoso~pkw~/mo`YktpAmoz 
E0 = EN
~p
EN+1 = E1
H0 = HN
~p
HN+1 = H1
Á¼YAÂ
Z\[^`Yp%«lmo[^``l^so`YkoktzpXkµÁ¼YÂ\~su`4_azllt ¶`Y
~k£®¯zA z/¢k­

}~ku`
j = 1



σ1ε1E
n+1
1 − H
n+1
2 + H
n+1
N = σ1ε1E
n
1 + H
n
2 − H
n
N
σ1µ1H
n+1
1 − E
n+1
2 + E
n+1
N = σ1µ1H
n
1 + E
n
2 − E
n
N

}~ku`
j = N



σNεNE
n+1
N − H
n+1
1 + H
n+1
N−1 = σNεNE
n
N + H
n
1 − H
n
N−1
σNµNH
n+1
N − E
n+1
1 + E
n+1
N−1 = σNµNH
n
N + E
n
1 − E
n
N−1Z\[MqkY«Emu[^`®¯z z/¢,tp^
2 × 2
^zlºMke_#qXknm4X`9tpAmosuzllqX`Y²t p¡mu[^`9`l^so`YkoktzpXk,z|®ymo[^`9_a~|musot`Yk
M
~|p
P

{
M1N = −A
MN1 = A
{
P1N = A
PN1 = −A
Á¼+CAÂ
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©p
mo[^tkW~ku`«l¢`~kokuq^_a`emo[~/m,mo[^`Ezq^pX^~|soj
x = b
twkzpkut^`so`Y~k\_a`m~| tw"Á ®¯zAst pXknm~|p`«
mo[^`so`*twk9~|ptpzA_at p^V¢~CA`*~/mmu[^`Ezq^p~|soj
x = a
«'moso~CA` tp^±®¯soz_mo[^`*`® m9muzVmu[^`sut[SmªÂª­
 ¶Xsokm¨ zsl`s¦hMt`su¨©d ^ `YsamnjSE`²~|XkzAsu^tp^IzAplt mutzp¸tk¦t _aEzAku`Y¸~/m"mo[^`²Ezq^p~|soj
x = a
­
suzA_ mo[^`*pMq^_a`sotw~|)XzAt pSm#z®\Mt`¢«'mu[^twkEzq^pX^~|sojVzplt mutzp¹twkmosu`F~/mo`Y·t p~²¢£`F~|ºVku`pXk`"Mj
qXktp^a~Àqll`Yz_aXzSkt mutzp*t pku^tsu`F"®¯soz_ mo[^`hSmu`Y`su¨  ·~su_atp^¼¼%ku[`_a`µ~Akukutw~|j9qXk`F¦tp
mo[^`zA_9qlmo~|mutzp~Àqt
ljMp~_9twk\zpSmu`SmF­ #z/¢``YsY«SkqX[~#Àql*l`FzA_9EzAkut mutzp*so`YvSq^tso`Yk£mu[^`
^t~zpX~|t "F~/mutzp¡z|®)mo[^`4{~z^tw~|pV_"~/musot V~kokzlt~|mu`Y²muz±~
zApk`Ysu/~|mut`®¯zAsu_q^w~/mutzpVz|®\`YvE­yÁËSÂª­
©p
zAsol`Ysmuz"lz"kzX«l¢£`_"~º`µqk`z® 
Q =
(
D
B
)
= BW =
(
ε 0
0 µ
)(
E
H
)
Z\[^`Yp%«^`FvX­Á?|AÂ\~|pE`¢,sut mmo`p±~k 
∂Q
∂t
+
∂G(Q)
∂x
= 0, G(Q) = ZQ
¢,t mu[
Z ≡ Z(x) =



0 −
1
µ(x)
−
1
ε(x)
0



Á°|AÂ
Z\[^`pMq^_a`Ysutw~KÀql*¢,[^tw[±zAsuso`YkuXzAp^k)muzamo[^`XzAq^p^~sut`Yk
x = a
~|pX
x = b
twk\t`YpMj
F 1
2
= (−Z)+1 Q1 + (−Z)
−
0 Q0, F 1
2
= Z+NQN + (Z)
−
N+1QN+1.
Z\[^`_"~|musot³
Z
Y~|pX`^t~zpX~|t "Y`Y*~Ak
Z = TΛT−1
¢,t mu["
Λ =
(
−c 0
0 c
)
, T =
(
1 1
cµ −cµ
) ~|p
T−1 =
1
2
(
1 cε
1 −cε
)
 ·`p^z/¢Ìz_a^qlmo`t³mk,p^`YA~/mot A`µ~pXzSkt mut`4~smk 
Z± = TΛ±T−1, Z+ =
1
2



c −
1
µ
−
1
ε
c



, Z− =
1
2



−c −
1
µ
−
1
ε
−c



Z\[^`z_a^qlm~/mot zApz®'mu[`pSq_9`Ysutw~EÀql
F 1
2
so`YvSq^tsu`Fk)mo[^`4[^zSknmkmo~|mu`
Q0
­  kukuq^_a`4mu[X~/m,¢£`
ku`m
(−Z)−0 Q0 = 0
mo[^`p"
F 1
2
= (−Z)+1 Q1bWz/¢Ãmu[`4muz|m~|¥ÀXql¦®¯zs
j = 1
twk 
Φ1,2 + Φ1,0 =
1
2
(AW2 + AW1) + (−Z)
+
1 B1W1 = −
1
2
(
H2 − c1ε1E1
E2 − c1µ1H1
)
Á°l¼FÂ
îîßOPQSRQ
¼C  *  S 	  G ( 
 j¡qXktp^±`YvE­yÁ°l¼FÂµtp·mu[^`zpSmo`Mmz|®mu[^`}£s~|pºA¨©btwzAkuzpVku[^`Y_a`a®¯zs
j = 1
«¥`YvE­)Á¼YSÂ4~|so`
_azllt ¶`Y
~Ak®¯z z/¢k 



ε1(σ1 + c1)E
n+1
1 − H
n+1
2 = ε1(σ1 − c1)E
n
1 + H
n
2
µ1(σ1 + c1)H
n+1
1 − E
n+1
2 = µ1(σ1 − c1)H
n
1 + E
n
2
Á°Â
zs\mu[`_9`mo~ t4Ezqp^~|soj¦~/m
j = N
¢£`4^sozl`Y`Y~k\tp
kuq^ku`Ymutzp±l­ ^­¼/­ ©p±kuq^_a_a~sujA«Mmu[^`
¶Xsokm~|p*mu[^`w~kmWltw~|Azp~
2 × 2
^ zlºlk\z|®
M
~|pX
P
_#qkmE`_9zllt ¶`F~Ak 
{
M11 = σ1B1 + D1
MNN = σNBN − CN
{
P11 = σ1B1 − D1
PNN = σNBN + CN
Á°|AÂ
¢,[`so`
D1 =
(
c1ε1 0
0 c1µ1
)
    
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 
©pÎmu[^twk
k`FªmutzpÎ¢£`·knmoqljÏkzA_a`¡z|®#mu[^`V_a~|mu[^`Y_"~/mutw~esuzAX`Ysmot `Fk*z®mu[^` ©_a^ twt m)tp^t mu`
zA q_9`·Z\t _a`·»WzA_a~t p ÁeZ,»4Â*_9`mu[^zlÎ^suzAXzSk`F¸^so`Mt zAqku jA­£Z\[^`¡®¯z z/¢,tp^7~AkE`Ymok~|so`
zpkutwl`so`Y zApk`Ysu/~|mutzpz®K~4ltwkusu`mu`®¯zso_ z®mu[`,``YªmosuzA_"~|p`mutw£`p^`YsuAj«Ct pMA`skt^t t mnjz|®Emu[^`
t_a^tt³m_"~/mosut #[^s~ªmo`sot "Yt pmu[` µZ,»¸_9`mu[^zl9~|p`/~ q~|mutzpz®mo[^`\pSq_9`Ysutw~lltkuE`sktzp%­
< ; 
6  9 (+ L (SÇ+:?ÉÉAÆ 9 &: /( lÇ&:ËÆ 9 
 ·`,su`F~ Mmo[~/mF«|t p9mo[^`,`Yp^`s~|%Á?»4Â+zpSmot pMq^zAqk«Ctwkzmusoz^tw\~Ak`A«Cmu[^`,`Y `Fªmusoz_"~p^`mutw)`Yp^`soj
A`sot³¶X`Ykkuz_a`#zpku`so/~/mutzp
`FvAqX~/mutzp Á¯x+z/jMpAmot p¤ k\mu[^`Yzso`_¦Â\®¯zAsmo[^`d²~|l¢£`Y °¤ kW`YvSq~|mutzpk,¢,t mu[
pzaq^sosu`YpAmF­^Z\[^twkmu[^`Yzso`_:kmo~|mu`Ykmo[~/m 
d
dt


∫
V
Edv

+
∫
∂V
P · nds = 0
Á? DSÂ
®¯zAsW~|pMj
zAku`YzA q_9`
V
¢,t³mo[¡~"so`Aq^~s,XzAq^p^~suj
∂V
«X¢,[`so`4mu[^```YªmosuzA_"~|p`mutw4`p`soj
E~p*mu[^`x+z/jMpSmutp^¤ k\`FªmuzAs   ~su`µsu`FkE`Ymut`Y j¦At A`pMj
E =
1
2
[
ε tEE + µ tHH
]
, P = E×H
©p±mo[^`mo[^so``¨©lt_a`pkut zAp~|~ku`«
E
~|pX
H
~su`A`Ymuzsk,¢,[^zSk`#``_a`pSmoke~|so`mu[`
x
«
y
~p
zz_aEzp^`YpAmk+z|®Kmu[`,``Yªmosutw,~|pX_"~p^`mutw¶`w^kY­Abzmu`\mo[~/my®¯zAsy~4t`Yp9_a`mo~|t\Ezq^pX^~|soj«
E×
n = 0
~|pX
x(z/jMpSmutp^X¤ k\mo[^`zAsu`Y_1jMt`w^k,mo[~/mWmu[^```YªmosuzA_"~|p`mutwµ`p^`YsuAj*twk`l~Aªmo j
zApk`YsuA`Y¥­
©p·mo[^tk#k`Fªmutzp'«¥¢£`"kmuqlj¡mu[^`"E`[X~CStzqsµz®£mo[^`"``Ymusoz_"~|Ap^`mot`p`soj²tp·mu[^`¦ltwkoso`mu`"Y~ku`
¢,[`pmu[^`4mot _a``Yzqlmot zAp*z|®(mu[```YªmosuzA_"~|p`mutwW¶`wtk\At A`pSj¦mu[^`t_a^ twt mWko[^`_a`"Án¼CÂª­
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En =
1
2
N
∑
j=1
∆xj
[
εj(E
n
j )
2 + µj(H
n
j )
2
] Á°Â
 	( S   . # 
En+1 ≤ En
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  ®¢`_#q^ mut^j*mo[^`¶skmW`YvSq~|mutzp
z|®Án¼C|Â\Mj En+1j + Enj
2
∆xj
~pmu[^`9k`FzApzp^`Mj
Hn+1j + H
n
j
2
∆xj
«Mmo[^`p²~A^¦mo[^`so`Ykuq^³mk«lso`¨©~|sos~|p^A`,mu[^`4mo`so_"k,~|p
kuq^_ z/`Ys,~|
j
¢`µA`m 
En+1 − En
∆t
=
N
∑
j=1
(P
n+ 1
2
j+ 1
2
−P
n+ 1
2
j− 1
2
)
Á°|AÂ
¢,[`so`
P
n+ 1
2
j+ 1
2
tk^`¶p^`FSj 
P
n+ 1
2
j+ 1
2
=
1
2
[
En+1j + E
n
j
2
·
Hn+1j+1 + H
n
j+1
2
+
En+1j+1 + E
n
j+1
2
·
Hn+1j + H
n
j
2
]
P
n+ 1
2
j+ 1
2
~|p·E`aku``Yp·~Ak~
ltkoso`mo`9zq^pSmo`so~|sumµz®)mo[^`"x+z/jSpSmot p^`Fªmozs~|p¡mu[`"`YvSq~/mot zAp Á°|AÂ
mo[^`ltwkusu`mu`µ®¯zso_ z®'mu[`x(z/jMpSmutp^a`YvSq~|mutzpIÁ? DAÂª­ £vX­Á?|SÂ~|p
E`kt_a^t³¶`FmuzajMt `Y
En+1 − En
∆t
= P
n+ 1
2
N+ 1
2
−P
n+ 1
2
1
2
Á°A|Â
 mymo[^twkyEztpAmF«¢`_#qXknmm~|º`,tpSmuz#~Azq^pSmmu[`,mu[^so``zpl¶Xq^s~/mot zApk+z|®¥Ezq^p~|sojzAplt mutzpk
~Ak,zApktwl`Ysu`F¦tp
kuq^ku`Ymutzpk^­ ­ ¼emuz*^­ ­ M­
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








P
n+ 1
2
1
2
=
1
2
[
−(En+11 + E
n
1 )
2
·
Hn+11 + H
n
1
2
+
En+11 + E
n
1
2
·
Hn+11 + H
n
1
2
]
= 0
P
n+ 1
2
N+ 1
2
=
1
2
[
En+1N + E
n
N
2
·
Hn+1N + H
n
N
2
+
−(En+1N + E
n
N )
2
·
Hn+1N + H
n
N
2
]
= 0
~p*mu[Mqk
En+1 = En
­
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








P
n+ 1
2
1
2
=
1
2
[
En+1N + E
n
N
2
·
Hn+11 + H
n
1
2
+
En+11 + E
n
N
2
·
Hn+11 + H
n
N
2
]
P
n+ 1
2
N+ 1
2
=
1
2
[
En+1N + E
n
N
2
·
Hn+11 + H
n
1
2
+
En+11 + E
n
1
2
·
Hn+1N + H
n
N
2
]
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mo[~/mtwk
P
n+ 1
2
1
2
= P
n+ 1
2
N+ 1
2
~pmu[Mqk
En+1 = En
­
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`¦[^zMzAku`9®¯zs`l~_a^ `
ω̄ ∈
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2π
30
,
2π
3
] «mo[~/mµtke¢`qku`#E`mn¢``pV¦~|p¡amot _a`altkoso`mot "F~/mot zApEztpSmokeX`YseE`sotzM%­EZ\[^`
zsosu`FkEzpXlt p#E`[~CMtzq^sk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Explicit vs. implicit scheme
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t_9 twt mWku[`_a`Yk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mo[^`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t`Yp*Mj9mu[^`4^soz~A~|mutzp"z|®(~#^qku`etp¦mo[^`lz_"~t p
[0, 1]
­MZ\[`e^qku`etwk
tp^t mutw~/mo`Y
~/m\mu[`XzSkt mutzp
x = 0.15
~p*suzA~|S~/mu`Fk£®¯suzA_ mu[^``® m,mozasut[SmY­
= (MÇVÉ%^ ( 6 '[^zA_az`Yp^`zAqklzA_a~t pÏÁ
ε(x) = ε0 ∀x ∈ [0, 1]
Â«'qkutp^²~±q^p^t ®¯zso__9`Fk[I¢,t mu[
N = 200
EztpAmk~|pXV~
CFL = 2
Á¯mu[^`"`l^ twt m#ko[^`_a`atk`^~mÂª­%Z\[`¦kzA qlmot zApVtwkku[^z/¢,pVzAp
¶Xq^so`#"~/® mo`s
n = 60
mot _a`9knmo`kÁ¯E`®¯zso`so`À`Fªmot zApXÂ,~|p¡~|p±~|® mu`s
n = 120
mut_a`kmu`Xk#ÁË~|® mu`Ys
so`ÀX`Yªmot zApXÂª­  kW`lX`Fªmo`Y¥«Et p²mu[^twktwl`Y~kut³moq~/mot zAp
®¯zsWmu[^``l^tt³m4ku[^`Y_a`«^mo[^`t_a^ twt mµko[^`Y_9`
twk\_azso`ltkuE`skt`µmu[X~|pmu[^``M twt mzp^`A­
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Numerical vs. exact solution for CFL=2
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Numerical vs. exact solution for CFL=2,n−120 time steps
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Sol exacte/explicite
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A`p^`Yso~|mu`F±Mj¡~q^p^t ®¯zso_ ~C¢«%kuq[²mo[~/m
∆xi ∈ [0.0025, 0.0075]
Âekmut¢,t³mo[
N = 200
EztpSmokY­
Z\[`4kuzqlmot zAptwkku[^z/¢,pzAp*¶Xq^so`9~|® mu`Ys
n = 100
mut_a`knmo`kÁËX`®¯zso`4su`À`YmutzpXÂ~|pX~p~/® mu`Ys
n = 200
mut_a`Wknmo`keÁË~|® mu`s£su`À`YmutzpXÂ­% ·`W~p¦k`Y`\mu[~|m)tp"mu[^`Wp^zpl¨ q^p^t ®¯zso_½Y~ku`\mu[^`µltwkE`sktzp
z®'mo[^`4mn¢£z"ko[^`_a`Fk\tk\z®mo[^`ku~_a`µzAso^`sF­
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Exact vs. numerical explicit/implicit solution: CFL=2, n=100 time steps
Exact
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Exact vs. numerical explicit/implicit solution: CFL=2, n=200 time steps
Exact
Explicit
Implicit
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Exact vs. numerical explicit solution: CFL=1, n=130 time steps
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Exact vs. numerical explicit: CFL=2, n=100 time steps
Exact
Explicit
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CFL
pMq^_X`YsY­E¿ep
¶Xq^so`M«Xzp^`~|p±ku``mo[~/me¢£`#Y~|p^pz|m`me~|pMjzpXqktzp
zAp
mo[^`e^tkuX`Ysokut`WpX~/muqsu`z®¥mu[^`µ`l^twt mko[^`_a`e~Akymo[^`
CFL
pSq_#E`s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Exact vs. numerical implicit: CFL=5, n=60 time steps
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Exact vs. numerical implicit solution: CFL=10, n=25 time steps
Exact
Implicit
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CFL
pMq^_X`Ysoke~|so`4~ z/¢`Y¥­
¿ep¶Aq^su`l«^mu[^`E`[~CMtzq^s®¯zAs
CFL = 5
~|p
CFL = 10
~|so`k[z/¢,p%­
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 ·`zApktwl`Ys,p^z/¢Ãmo[^`4mu[^so``lt_a`pkutzp~%d²~/l¢`¥`YvSq~/mot zApk4Án¼4mo[~/m¢`4su`Y¢,sut mu`~k 







ε(x)
∂E
∂t
+ Nx
∂H
∂x
+ Ny
∂H
∂y
+ Nz
∂H
∂z
= 0
µ(x)
∂H
∂t
− Nx
∂E
∂x
− Ny
∂E
∂y
− Nz
∂E
∂z
= 0
Á? DSÂ
¢,[`so`
E =


Ex
Ey
Ez


~|p
H =


Hx
Hy
Hz


Z\[^`_"~|musot`Yk
Nx
«
Ny
~|p
Nz
~su`4At A`p*Mj 
Nx =


0 0 0
0 0 1
0 −1 0

 Ny =


0 0 −1
0 0 0
1 0 0

 Nz =


0 1 0
−1 0 0
0 0 0


Á?AÂ
bWz|mu`mo[~/ma®¯zs"~pSjIA`Yªmozs
X
~p®¯zAs"~|pMj
n = (nx, ny, nz)
t mo[^`
_a~|musot³ Nn = nxNx +
nyNy + nzNz
twk*kuº`¢\¨©kujS_a`musot~|p
Nnu = u × n
­hMjlkmu`_iÁ?AÂ9twk¦kuz`F zApÏ~IXzAq^pl`F
^z_"~|tp
Ω
¢,t³mo[²Ezq^p~|soj
∂Ω = ∂Ωm ∪ ∂Ω∞
­  V`t _aEzAku`#zp
mo[^`#Ezsl`YsWz|®mo[^`^z_"~|tp±mn¢z
mnjME`Yk,z®XzAq^p^~sujzpXlt³mot zApk E~"_a`mo~ tw4XzAq^p^~sujzpXlt³mot zAp±zp
∂Ωm
ÁËt?­ `
n × E = 0
Â~|p
~hMt A`su¨ d  `seXzAq^p^~suj
zAplt mutzp²zAp
∂Ω∞
Á¯t°­ `
n × E + c(x)µ(x)n × (n × H) = 0
Âª­KZ\[^`
d¡~/l¢£`Y K`FvS~q~/mot zApkÁË1DAÂ\~p~kuz9X`¢,sot³mumu`Yptp±zApk`Ysu/~|mut`e®¯zso_:~k 
QW t + ∇.F (W ) = 0
ÁËAAÂ
¢,t mu["
Q =
(
ε(x)I3 03
03 µ(x)I3
)
, W =








Ex
Ey
Ez
Hx
Hy
Hz








`m
F (W ) =


F x(W )
F y(W )
F xz(W )


F (W )
E`tp^¦l`¶p^`F*tpmu[^`4®¯zA z/¢,t p9¢\~Cj 
F x1(W ) =








0
Hz
−Hy
0
−Ez
Ey








, F x2(W ) =








−Hz
0
Hx
Ez
0
−Ex








~p
F x3(W ) =








Hy
−Hx
0
−Ey
Ex
0








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`su`F~|Amu[~|mmo[^`®¯z z/¢,tp^W_"~|musot³ 
Zn =
( ¿
3 −Nn
Nn
¿
3
)
Y~|pX`^`YzA_aXzSk`F*tp
XzSkt mut`~|pX*p^`YA~|mut`4~|sumok\~Ak®¯z z/¢k 









Z+
n
=
c(x)
2
(
−N2
n
z̄(x)Nn
−z(x)Nn −N2n
)
Z−
n
=
c(x)
2
(
N2
n
z̄(x)Nn
−z(x)Nn N2n
)
Á?S|Â
 A`p^`Yso~XÀXqll`FzA_9EzAkut mutzp~ku`Yzp
Z±
n
¢,sot³mo`Yk,~Ak 
Φ±(Ql, Qr,nlr) = (Z
+
n
)lQl + (Z
−
n
)rQr
Á?AÂ
zAsY«l`FvSq^t /~ `YpAmo j 
Φ±(W l, W r,nlr) = (Z
+
n
)l(Dw)lW l + (Z
−
n
)r(Dw)rW r
Á?1CAÂ
¢,[`so`
Dw =
(
ε(x)

3
¿
3¿
3 µ(x)

3
)
bWz|mu`4mo[~/m
N3
n
= −Nn
~|pX*mo[^`p'«
∀ W
«l¢`4[~C` 
Z−
n
DwW =
c(x)
2
(
N2
n
−z̄(x)N3
n
−z(x)Nn N2n
)(
ε(x)

3
¿
3¿
3 µ(x)

3
)(
E
H
)
=
c(x)
2
(
Nn
¿
3¿
3 z(x)

3
)(
Nn −z̄(x)N2n
−Nn z̄(x)N
2
n
)(
ε(x)E
µ(x)H
)
=
c(x)
2
(
Nn
¿
3¿
3 z(x)

3
)
(
ε(x)NnE − z̄(x)µ(x)N2nH
−ε(x)NnE + z̄(x)µ(x)N
2
n
H
)
d±zAsu`Yz/A`s 
n× E + c(x)µ(x)n × (n× H) = −NnE + c(x)µ(x)N2nH
=
1
ε(x)
(
−ε(x)NnE + c(x)ε(x)µ(x)N
2
n
H
)
=
1
ε(x)
(
−ε(x)NnE + z̄(x)µ(x)N
2
n
H
)
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(Z−
n
DwW )∞ = 0
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nij
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muzs
zApmu[^`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z"p^`t[MEzsot p^"`k
Ci
~p
Cj
ÁËt?­ `mo[^`4musot~p^q~s\®Ë~`ku[~su`F*Mj
mn¢z#p`t[MXzAsutp^mo`moso~[^`Yls~AÂ«S^t so`Ymu`Y¦®¯suzA_
Ci
moz
Cj
« ~|p
Nij = Nnij
t°­ `emu[`ezAX`Yso~|muzs
.×nijÁËp^z|mo`mu[X~/mWtp
mu[^`#^su`Fk`YpSmW~ku`
nij
twkp^zme~aq^p^t mo~suj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¶Xp^`mo[^`_a`Y~p/~ q^`#z|®
WzAp
Ci
^`p^zmu`YMj
Wi
~k 
Wi =
1
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
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
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‖ ni∞ ‖


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
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
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

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∑
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∑
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